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1. Introduction 

There are several natural geometric flows on Adjoint orbits that are known to be equivalent to 
soliton equations. The first example is the Heisenberg ferromagnetic model (HFM) for 7 : — >• 5^, 

7t = 7 X 7a:x, (HFM) 

where x is the cross product in M^. It was proved in [FT] that the HFM is equivalent to the 
non- linear Schrodinger equation (NLS): 

qt = {qxx + 2 I g I ^q). (NLS) 

The second example is the Schrodinger flow on the Hermitian symmetric space Gr{k,C'^). 
Recall that the Schrodinger flow on a Kahler manifold M is the evolution equation on the space of 
maps from M to M: 

It = i7(V7.7a;), 

where j is the complex structure and V is the Levi-Civita connection of the Kahler metric on M. 
The Adjoint [/(n)-orbit M at 

1 A Idfc \ 

equipped with the induced metric from the inner product (wi,it2) = — tr(uiM2) on u{n) is iso- 
metric to the Hermitian symmetric space Gr{k, C"), and jx = ad(x) is the complex structure on 
Gr(fc,C"). Terng and Uhlenbeck showed in [TU2] that the Schrodinger flow on Gr(fc,C") is 

It = j-rC^-f. Ix) = [7, lxx\, (1-2) 

and is equivalent to the matrix non-linear Schrodinger equation (MNLS) for maps q from to the 
space M.kx{n-k) oik x {n — k) complex matrices: 

qt = {qxx + 2qq*q), (MNLS) 

where q* = (f . Note that when n = 2, M is isometric to the round sphere. If we identify sn(2) 
with in the usual way, then 77] corresponds to the cross product ^ x rj. So the Schrodinger 
flow (1.2) on 52 is the HFM. 

The third example is due to Ferapontov. Let U denote the Lie algebra of a compact Lie group 
U. An element a 6 W is called regular {singular respectively) if the Adjoint [/-orbit Ma at a in U 
is a principal (singular respectively) orbit. Let ( , ) denote an Ad-invariant inner product on U, lAa 
the isotropy subalgebra of a, and the orthogonal complement of lAa in lA with respect to ( , ). 
If a G W is regular, then it is known that ([Tel]) 
o the normal bundle v{Ma) is flat, 

o v{Ma)x = Ux, which is the maximal abelian subalgebra of U containing x, 
o given any b GUa, the map b defined by 

b{gag-') = gbg-\ g G U, (1.3) 

is a well-defined parallel normal field of M^. 
Ferapontov proved in [F4] that a solution u ■.M.'^ lA^ of the n-wave equation associated to U, 

Ut = ad(6) ad(a)~-^(Ma;) + [m, ad(6) ad(a)~-^(«)], (1.4) 
gives rise to a solution of the following curve flow on M^: 

7t = (K7)). = -^S(^)(7.). (1.5) 
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Here is the shape operator along v. 

The MNLS and the n-wave equation (1.4) are flows in the U{n)- and [/-hierarchy of sohton 
flows respectively. The L'^-hierarchy of soliton flows is obtained by restricting the ANKS-ZS hierar- 
chy to an invariant submanifold associated to the reality condition given by the real group U . One 
goal of this paper is to give a systematic method to construct geometric curve flows on an Adjoint 
[/-orbit for each flow in the [/-hierarchy that includes all three examples given above. 

We review the construction of the [/-hierarchy next. Let a € W, and S{E.,IA^) the space of 
maps from R to that decay rapidly at infinity. The [/-hierarchy defined by a is a collection 
of commuting Hamiltonian flows on 5(M,W^) (cf. [TUl]). When a is regular, the [/-hierarchy is 
parametrized by {h,j) with h ^Ua and j positive integer. The (6, j)-flow is 

ut = {Qb,jiu))x + [u,Qb,j{u)], (1-6) 
where Qbj (u) are W- valued maps determined by the following conditions: 

iQb,jiu))x + [u,Qb,jiu)] = [Qb,j+iiu),a], Qb,oiu) = b, (1.7) 

and 

oo 

Qb,j{u)X~^ is conjugate to b as an asymptotic expansion. (1-8) 

3=0 

These conditions imply that Qbj{u) is a polynomial in u, dxU, . . . , d^T^u and for j >1 

Qt,j{u) eS{R,U) iiu€S{R,U^). (1.9) 

For more detail sec [Sa] and [TUl]. 

When a is singular, the [/-hierarchy is the collection of (a, j)-fiows: 

Ut = iQa,j{u))oc + [u,Qa,jiu)]. 

Recall that a ^-valued connection 1-form w = Adx+Bdt is flat if dw = —wAw or equivalently, 

At-Bx = [A,B]. 

The recursive formula (1.7) implies that it is a solution of the (6, j)-fiow (1.6) if and only if 

= {aX + u)dx + {bX^ + Q6,i(«)A^-i + ■ ■ ■ + Qb,jiu)) dt (1.10) 

is a fiat U(^-valued connection 1-form over the (x, t) plane for all A £ C. The 1-form 0x is called a 
Lax pair of the (6, j)-fiow. 

For example: 

o UU = 5[/(2) and a = i diag(i, -i), then = !^(^^_ g e c|. Identify S{R,U^) 

with 5(M,C). The (a, 2)-flow in the S'[/(2)-hierarchy is the NLS. 
o Let a G U he a regular element, and b GUa- The {b, l)-flow in the [/-hierarchy on S{R,U^) 
is the n-wave equation (1.4). 

o Let a G u{n) be as in (1.1). Then is the space of ^ '^^ ^ ^ with q a kx (n — k) complex 

matrix. Identify u with q. The (a, 2)-fiow of the [/(n)-hierarchy on <S(M,W(^) is the MNLS. 
o If U/K is a Hermitian symmetric space, then (cf. [H], [W]) there exists a 6 /C such that 
Ua = )C, ad(a)^ = —Id on U^, and U = Ua + is a Cartan decomposition. The Adjoint 
[/-orbit at a in W is an isometric embedding of the Hermitian symmetric space U/K into 



Euclidean space U. A direct computation shows that the (a, 2)-flow in the [/-hierarchy on 

ut = [a,ti^^] - - [a, [u, [a, u]]]. (1.11) 

When U / K is the the complex Grassmannian Gr(^k, C""), then a is given by (1-1) and equation 
(1.11) is the MNLS with u= (^_^^^ ^ 

It is well-known in soliton theory (cf. [TU2]) that there are two Poisson operators on S{M.,U^) 
so that flows in the ?7-hierarchy on 5(]R,W^) are commuting Hamiltonian flows with respect to 
both Poisson structures. The first Poisson operator is 

Jaiv) = [v,a]. (1.12) 

The second Poisson operator is defined as follows: 

Pu{v) =v^ + 7ri{[u,v]) + [u,h], (1.13) 

where ^ 

h{x) = - no{[u{s),v{s)])ds, 

J — oo 

and TTo, TTi are the orthogonal projection of U onto lAa and 11^ respectively. Moreover, for each fc, 

{Jk)u{v) = JaiJa^Puf = {PuJa^fja (1-14) 

is also a Poisson operator on S{E.,IA^). 

The Hamiltonian of the (6, j)-flow with respect to Ja is -F^j- : <S(M,W^) M defined by 

1 f°° 

^b,j{u) = -j— {Qb,j+2{u),a) dx. (1.15) 

In other words 

VF,j{u)=7r,{Q,j+,{u)), (1.16) 

and the {b, j)-flow is 

Ut = JaiVFbjiu)). 

It follows from the definition of P„, the recursive formula (1.7), and (1.16) that the (6, j)-flow can 
also be written as 

Ut = (Jfc)„(VFfe,,_fc(n)), k < j. (1.17) 

So the (6, j)-flow is Hamiltonian with respect to for all k < j. 

Next we explain how to construct geometric curve fiows on Adjoint orbits from fiows in the 
[/-hierarchy. Let m be a solution of the (6, j)-flow in the [/-hierarchy on S{R,U^). Since its Lax 
pair 9x defined by (1.10) is flat for all A, = udx + Q},j{u)dt is a flat W-valued connection 1-form. 
Hence there exists g -.W'^ ^ U such that 

9~^9x = u, g~^gt = Qb,j{u). (1.18) 

Set 

j{x,t) = g{x,t) a g{x,t)-\ (1.19) 
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Then 7(-,t) is a family of curves on the Adjoint L'^-orbit Ala in i^- Take the t derivative of (1.19) 
to get 

^t = g[QbAu)^a]g-\ (1.20) 

We will show that when Ma is a Hermitian symmetric space and {b, j) = (a, 2), the right hand side 
of (1.20) is equal to 

[7,7x0;] = [7, V^^7a;]. 

This imphes that solutions of MNLS and (1.11) give rise to solutions of the Schrodinger flow (1.2) 
on Gr(fc, C") and Hermitian symmetric space respectively. For j = 1, the (b, 1) flow is the n-wave 
equation, and the right hand side of (1.20) is equal to 

{9bg-% = (S(7))x = -Ag(^)(7x). 

So solutions of the n-wave equation give rise to solutions of the Ferapontov flow (1.5). However, 
some natural questions come up in this construction: 

(1) Since the solution g of (1.18) is only unique up to left multiplication, the corresponding solution 
7 of (1.20) is unique up to conjugation. Can we normalize the curves in Ma so that the 
correspondence between u and 7 is unique and preserves the flow? 

(2) Is (1.20) a geometric curve flow on M^? In other word, can the right hand side of (1.20) be 
written as some geometric quantity Hb j(-y)7 

(3) Can the procedure of constructing solutions of (1.20) from solutions of the (6, j)-flow be re- 
versed? 

(4) Is there a Hamiltonian formulation of the flow (1.20)? If yes, what is its relation to the 
Hamiltonian theory of the (6, j)-flow? 

When the (5, j)-flow is the MNLS, Terng and Uhlenbeck chose a normalization for curves on Ma 
at —00 and were able to answer the above questions in a satisfactory way ([TU2]). In this paper 
we generalize their results to any flows in the [/-hierarchy. To do this, we need to recall the 
development map constructed in [TU2] next. 

Let Ma be the Adjoint [/-orbit at a in U, and Ca(R,Ma) the space of all smooth curves 
7 : M ^ Ma such that limj;^_(X) 7(0;) = a and £ S{M.,U). The following results were proved in 
[TU2]: 

(i) Given 7 G Ca(R, Ma), there exists a unique g -.M. ^ U such that 

l = gag~^, lim g{x)=e, gxeS{R,Ua), 

a;— > — 00 

where e G [/ is the identity element. 

(ii) The development map $ : Ca(M, M^) —>■ S{R,Ua) defined by $(7) = g~^gx is a bijection. 

(iii) Since $ is a bijection, $*(Jfc) is a Poisson operator on Ca(M, Ma). Moreover, <1>*(J2) is a zero 
order Poisson operator, and $*(Jfc) {k > 3) is a order (k — 2) non-local Poisson operator. Here 
a non-local Poisson operator is said to have order k if it involves derivatives up to order k and 
antiderivatives. Note that although has order k, the pullback $*(Jfc) has order k — 2. 

Next we give a geometric interpretation of $*(J2) and <1>*(J3). There is a natural zero order 
Poisson operators on Ca(M, Ma) obtained by identifying the Adjoint [/-orbit Ma as the coadjoint 
orbit at £a G i^*, where £a{x) = {x,a). So Ma is equipped with the coadjoint orbit symplectic 
form and the corresponding Poisson operator at y e Ma is — ad(y). Hence it induces a natural 
zero order Poisson operator on Ca(M, Ma): 

Mv) = [vn]. (1.21) 

In fact, J = $*(J2). 

The Poisson operator A = $*(J3), which is non-local and of first order, can be described 
geometrically as follows: Given v € r(Ca(M, M(j))-y, there exists a unique vector field 77 along 7 
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normal to M such that {v + ri)x is tangential. Then the Poisson operator A = $*(J3) is given by 
A-y(w) = {v + r])x- Moreover, 

When a is regular, the Poisson operator A is the same as the Poisson operator constructed by 
Ferapontov in [Fl] using the Dirac reduction of the Poisson operator dx on C(M.,U) to C(M, Ma). 

Below are some of our results: 

(i) the curve flow on Ma corresponding to the (6, j)-flow under the development map $ is 

7t = -{A^J-y-\A~,^^^{jx)) = {A^J-y-H^mi)), (1-22) 

where 

/oo 
{j{x),b)dx. 
-oo 

(ii) The Poisson operators A, J and the constant of motions F^j o $ for (1.22) can be expressed 
in geometric terms. 

(iii) The curve flow (1.22) is Hamiltonian with respect to J and A, and is completely intcgrablc. 

(iv) If Ma is isometric to a Hermitian symmetric space, then the curve flow on Ma corresponding 
to the (a, 2)-fiow (1.11) under $ is the Schrodinger flow on Ma- 

(v) If Ma is a principal Adjoint [/-orbit in U and / : W — > M is a polynomial invariant under the 
Adjoint action, then the curve flow 

7t = (V/(7))a: (1.23) 

with constraint 7(2:, t) 6 Ma, is the Ferapontov flow (1.5) on Ma with b = V/(a). Moreover, 
the collection of curve flows 

with h :U & polynomial invariant under the Adjoint [/-action and j > 1, is a hierarchy 
of commuting Hamiltonian flows on Ca(M, Ma) with respect to both Poisson operators J and 
A. 

Next we explain how to construct the hierarchy of commuting flows associated to a symmetric 
space. Let a be the involution on U such that K is the fixed point of a, and V the —1 eigenspace 
of dae- Then U/K is a symmetric space. It is known that (cf. [TUl]): 

(i) The subspace S{R,Ua H /C) is invariant under all (6, j)-flows with odd j. The collection of 
these restricted flows is called the U / K -hierarchy . 

(ii) If k is odd, then the restriction of the Poisson operator Jk to the invariant submanifold 
tS(]R, n/C) is again a Poisson operator. The odd flows in the U / ii'-hierarchy are Hamiltonian 
with respect to these Poisson structures. 

Let a (z V, and Ma and Na denote the Adjoint [/-orbit in U and Adjoint A'-orbit in V at 
a respectively. So Na C Ma, and C(R,Na) is a submanifold of Ca(R, M^). We will show that 
Ca{R,Na) is invariant under the curve flow (1.22) if j is odd. Moreover, if k is odd, then $*(Jfe) 
induces a Poisson operator on Ca(M, A^^). 

This paper is organized as follows: We write down curve flows on Adjoint [/-orbits correspond- 
ing to flows in the [/-hierarchy under the development map as geometric flows, and express the 
corresponding Poisson operators and constant of motions in geometric terms in section 2. We con- 
struct Backlund transformations and finite type solutions of these geometric curve flows in section 
3, and consider the curve flows corresponding to flows in the [// i^-hierarchy in section 4. Finally, 
we study the curve flow (1.5) on a principal orbit of the isotropy representation of a symmetric 
space as a hydrodynamic system in section 5. 
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2. Integrable curve flows on Adjoint orbits 

Let Ma denote the Adjoint [/-orbit at a in U. In this section, we write down the curve flows, 
Poisson structures, and commuting Hamiltonians on C(i(M, M^) corresponding to soUton flows in 
the [/-hierarchy via the development map in geometric terms. 

li f : X ^ Y is a diffeomorphism and w is a symplcctic form on Y, then the pull back f*{w) 
is a symplectic form on X and / : {X, f*{w)) {Y, w) is a symplectic diffeomorphism. If g and h 
are Riemannian metrics on X and Y respectively, then there exists section B of L{TX, TX) that 
relates the metrics g and f*{g) on X as follows: 

f*{g)x{vi,V2) = hf(^){dfx{vi),dfx{v2)) = gx{Bx{vi),V2). 
Let J be the Poisson operator corresponding to w on Y , i.e., 

Wy{vx,V2) = hy{J~^{vi),V2). 

A direct computation shows that the Poisson operator f*{J) corresponding to f *{w) is 

r{J), = df-^ o J^(,) o df, o B-\ (2.1) 
The gradient VH of H -.Y ^Ris defined by 

dHy{v) = hy{VH{y),v). 
The Hamiltonian flow for HonY with respect to w is 

^ = Jy^,){VH{ym. (2.2) 
The Hamiltonian equation fov H o f : X ^M. with respect to f*{J) is 

^ = r(J).(V(i/o/)(x)) =d/-^(J^(.)(Vif(/(x))). (2.3) 

It is clear that the Hamiltonian flow for H o f on X maps to the Hamiltonian flow for H on 
Y. Equations (2.2) and (2.3) can be viewed as the same equation written in different coordinate 
systems. 

Let $ : Ca(R, Ma) S{M,U^) be the development map on the Adjoint [/-orbit Ma given in 
section 1. To compute $*(Jfc), we need to specify the metrics. The space S{R,Ua) is equipped 
with the inner product 

/oc 
{ui{x),U2{x)) dx. 
-oo 

The tangent space of Ca(M, M^) at 7 is the space of vector fields ^ tangent to Ma along 7 and 
e S(R,U). Let ds^ denote the metric on Ca(M,Ma) defined by 



/OO 
{Ux),Ux))dx 
-00 



for tangent fields ^1,^2 along 7. 

The following is proved in [TU2]: 



2.1 Proposition. Let ^ € T(Ca(M, M„))^. Then: 

(i) There exist g -.R ^ U and v -.M. ^ so that lima;^_oo g{x) = e, 7 = gag~^, u — g~^gx = 
<I>(7) , and ^ = gvg^^ . 

(n) There exists a unique vector field rj along 7 such that rj{x) is normal to Ma, lim-r^_oo ili^) = 0; 
and + ri)x is tangent to Ma- 

(Hi) 

d^^iO = PuJ-Hv), (2.4) 

where Ja and Pu are the Poisson operators on <S(M,ZY^) defined by (1-12) and (1-13) respec- 
tively. 

(iv) Let J3 = {PuJa^)^Ja be the Poisson operator defined by (1.14), and A = $*(J3). Then 

^'f{0 = g{Pu{v))g-' = {^ + v)x, (2.5) 

where r] and g are given in (ii). 

A direct computation implies 

2.2 Proposition ([TU2]). Let J2 be the Poisson operator on S{R,Ua) defined by {J2)u = 
PuJa^Pu, J tie natural Poisson operator on Ca(M, M^) given by (1-21), and $ the development 
map. Then $*(J2) = J. 

When Ma is a principal Adjoint ?7-orbit, we show below that the Poisson operator A can be 
written in terms of geometric invariants of Ma as a submanifold of the Euclidean space U. 

2.3 Theorem. Let T be a maximal abelian subalgebra ofU, {ai, . . . , ak} an orthonormal basis 
of T, and a = ai regular. Let Ma be the Adjoint U -orbit at a in U, and A = ^*{J^) the induced 
Poisson operator on Ca(M, Ma). Then 

k 

A7(0 = V^^C - J2 /ii^a,(7)(7.), (2.6) 

i=l 

where hi{x) = — {ll{^{s),jx{s)), ai{'y{s)))ds for 1 < a < k, cii is the parallel normal field on 
Ma defined by (1.3), and II is the second fundamental form of Ma as a submanifold of Li. 

PROOF. Let « = $(7), and ^, v, g as in Proposition 2.1. So we have 

7 = 9ag~^, u = g~^gx, ^ = gvg~^. 
By Proposition 2.1 (iv) and the formula (1.13) for Pu , we have 

^7(0 = gPu{v)g~'^ = g{vx + [u,v]i + [u,h])g~'^, 

where hx = —[u,v]o, and [w,f]o and [w, vji denote the projection of [u,v] onto Ua = T and 
Ua = T'^ respectively. 

Given C, ^ let Px(C) and p^iC) denote the orthogonal projection of C onto T{Ma)x and 
^{Ma)x respectively. Let V denote the Levi-Civita connection of the induced metric on M^. Then 

(V7,6(x) = Py(x)i{gvg~'^)x) =P^{x){g{vx + [u,v\)g-^) 
= g{vx + [u, v\)ig~^ = g{vx + [u, v\i)g~'^. 

But 

{ghg~^)x = g{hx + [u, h])g~^. 
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Since h{x) G T and Oi, . . . , is a basis of T, there exist hi, . . . ,hk such that 

k 

h{x) = ^ hi{x)ai. 

i=l 

Therefore 

(k \ k 

i=l / i=l 

Let V"*" denote the induced normal connection on u[M). Then 

n 
i=l 

Definition of the second fundamental form implies that 

n(^,7a;) = Pjix)iigvg~^)x) =g[u,v]og~'^ = -ghxg~^ 

k 

= - y^X^i)xai 

i=l 

k 

= XI(II(C,7a;),ai)ai. 

i=l 

So {hi}x = -{ll{^,jx),ai{'y{x))). But lim 

x—>—oo f]{-^) — 0. So hi is given by the formula in the 

Proposition. ■ 

2.4 Remark. Let M" be a submanifold of M"^'^ with flat normal bundle, and (e„+i, . . . , Cn+k) 
a parallel orthonormal normal frame field on M. Note that is a tangent vector of C(R, M) at 7 
iff ^ is a vector field along 7 tangent to M. Let be the operator on rC(M, M)^ defined by 

n+k 

a=n+l (2.7) 

hJx) = (U(^(s),'yx(s)),ea('y(s)))ds ior n + 1 < a < n + k, 



and V is the Levi-Civita connection of the induced metric on M. Ferapontov proved in [Fl] that 
Z is a Poisson operator on C(]R, M). The normal bundle of a principal Adjoint t/"-orbit Ma is flat. 
Proposition 2.3 proves that #*(J3) = A = Z. 

2.5 Theorem ([TU2]). Let Jk he the Poisson structures on <S(M,W^) defined by (1.14), and 
-Lfe_2 = ^*{Jk) the induced Poisson structures on Ca(M, Ma). Then 

(Lj), = J,{J-^k,y = {A,J-yj,. (2.8) 



It follows from (2.3) that the flow on Ca(M, M^) corresponding to the (6,j)-fiow in the U- 
hierarchy on S{R,Ua) is 

jt = d^-\[Qb,j+i{u),a\). (2.9) 
Propositions 2.1 and (1.17) imply that 



2.6 Proposition. The curve Eow on Ma corresponding to the (b,j)-fiow in the U -hierarchy on 

It = g[Qb,j{u),a]g~'^ = [gQb,j{u)g~'^ (2.10) 

where 7 = gag~^, linix^ - 00 g{x,t) = e, and u = g~^gx = ^(7)- Moreover, (2.10) is the Hamilto- 
nian Bow for Fi,j-k-2 ° ^ with respect to = $*(Jfc+2)- 

Next we want to express (2.10) and F^j o $ in geometric terms. This follows from 

2.7 Proposition. Let 'y,u,g be as in Proposition 2.6. Then gQb,j{u)g~^ can be expressed in 
terms of geometric invariants of Ma along 7. 

PROOF. We prove this proposition by induction. The recursive formula (1.7) implies 

Qb,i{u) = ad(6) ad(a)~^(u). 

A direct computation gives 

7^ = g[u,a]g~'^, 
gug-^ = J~^{jx), 

gQbAu)g-^ = J-\g[QbAy)^<A9-^) = J-\g[uM9~^)- 

The parallel normal field b defined by (1.3) is b{gag~^) = gbg~^. The shape operator for Ma along 
b is 

\)i'yx) = -{H'7))x = -{ghg~^)x = -g[u,b\g-^. 

Hence 

gQb,i{u)g-^ = -J-i(A-(^^(7,)) = J-i(6(7).). (2.11) 

Suppose we have expressed gQb,j{u)g~^ geometrically. Let 7ro,7ri be the orthogonal projection 
onto Ua and respectively, and Px and the orthogonal projection of U onto Ux = v{Ma)x 
and = T{Ma)x respectively. The recursive formula (1.7) and Proposition 2.1 imply that 

gMQb,j+i{u))g-^ = J-^A^{gTri{Qb,j{u))9~^), (2-12) 

and 

{gno{Qb,j+i{u))g~^)x = -g7Toi[u,7ri{Qb,j+i{u))])g~'^ 

= -piag-^i[9ug~\9MQb,j+i{u))g-^]) (2.13) 

= -pjag-^ii'^^\'yx),9MQb.j+l{u))g~^]). 

The induction hypothesis and (2.12) imply that g7ri{Qbj+i{u))g~^ can be expressed geometrically. 
Then (2.13) implies that g7To{Qb,j+i{u))g~^ can also expressed as geometric terms. ■ 

Use (2.11), (2.12) to get 

g[Qb,j{u),a]g-' = (A^ 7-^)^-^(6(7)).) = -(A^J-y-'iAyM). (2.14) 



The next theorem follows from (2.14) and Proposition 2.6. 
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2.8 Theorem. Suppose a ^ U is regular, and b £ Ua- Then the curve Bow on Ca{^,Ma) 
corresponding to the {b, l)-fiow in the U -hierarchy is 

7t = (^o7)a. = -^b(^)(7x), (2.15) 

where ^^(7) shape operator along 6(7) . In general, the curve How on Ca (IK, Mg) corresponding 
to the {b, j)-flow is 



It 



= {K,J-'y-\b{^)), = -(A^J-^)^-\^S(^)(7.)). (2.16) 



Moreover, 

(i) Ffe j o $ can be expressed in terms of shape operators of Ma and the Poisson operators J and 

A,' 

(a) the flow (2.16) is the Hamiltonian flow of F^j^k o ^ on Ca(M, M^) with respect to La;-2 = 
^*{Jk), where Fi,j is the functional defined by (1-15) and # is the development map. 

2.9 Example. Let a £ W be a regular element. The curve flow (2.16) on the Adjoint orbit Ma 
corresponding to the (6, 2)-flow is 

7t = -(J7'(Ag(^)(7.))),- 

When b = a (without the assumption that a is regular), we have 

2.10 Corollary. For a eU, the curve flow on Ca(M, Ma) corresponding to the {a,j)-flow in the 
U-hierarchy is 

7t = (A^J-i)^--i(7.). (2.17) 

Since (2.16) is the flow corresponding to the (6, j)-flow under the development map $ and u 
is a solution of the {b,j)-&ow, we get that 7(-, t) = ^~^{u{-, t)) is a solution of (2.16). Proposition 
2.6 states that 

jt = 9[QbAu),a]g-\ (2.18) 

where g is the solution of 

g~^9x = u, lim g{x,t) = e. (2.19) 

x—> — oo 

On the other hand, we have seen in section 1 that if : — [/" solves 

k-^k^ = u, k-^kt = Qb,j{u), (2.20) 

then 

7 = kak~^ 

also satisfies (2.18). Next we show that g also satisfies (2.20). 

2.11 Proposition. Let u be a solution of the {b,j)-fiow on S{R,Ua), 0\ the corresponding Lax 
pair (1.10), and k the trivialization of the Lax pair 9q, i.e., 

k~^dk = u dx + Qbj (u) dt, k{0, 0) = e. 

Then there exists a constant c G U such that Utclx^ -00 k{x,t) = c, 

7 = c~^kak~^c 

is a solution of the curve flow (2.16) on Ca(M, Ma), and ^{'y{-,t)) = u{-,t). 
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PROOF. For fix t, let g{-, t) be the map from R to U satisfying (2.19). Claim that g~^gt = 
Qbj{u). Too see this, we note that because both g and k satisfy g~^gx = k~^kx = u, there exists 
C{t) such that 

g{x,t) = C{t)k{x,t). 

Compute directly to get 

g-^g^ = k-^kt + k-^C-^Ctk = Qb,j{u) + k-^C-^Ctk. (2.21) 

Since livnx^ - oo g{x,t) = e, \im.x^-oo 9t{x it) = 0. Recall that Qb,j{u) G S{R,U) if u{-,t) G 
S{R,U^) ((1.9)). Hence 

lim Qbj{u){x,t) = 0. 



By (2.21), we conclude 

lim k-^C-^Ctk = 0. (2.22) 

x^—oo 



But 

\\k-^C-^Ctk\\ = WC-^Ct II . (2.23) 

It follows from (2.22) and (2.23) that C~^Ct = 0. Hence C{t) is a constant, g = Ck, and we have 
proved the claim. ■ 



2.12 Corollary. Let u be a solution of the {b,j) Row, k,c as in Proposition 2.11, and g = c ^k. 
Then the gauge transformation of the Lax pair 9\ ((1.10)) by g, 

7A dx + (gbg-^X^ + gQb,i{u)g-^X^-^ + ■ ■ • + gQb,j-i{u)g-^\) dt 
is a Lax pair of the curve How (2.16). 

2.13 Example. The curve flow (2.15) on Ma has a Lax pair 

7A dx + 6(7) A dt. 



2.14 Example ([F4]). Let Ma be a principal Adjoint t/(n)-orbit in u{n). If A; is a natural 
number, then b = i'^~^af^ G u{n)a-, and the curve flow (1.5) on Ma corresponding to the (&, l)-flow 

becomes 

with 7(0;, t) e Ma- Its Lax pair is 7A dx + dt. 

2.15 Example. Let a GlA he regular, and b G Ua- It is known (cf. [Tel]) that there exists a 
polynomial f : U ^ M invariant under the Adjoint action such that V/(a) = b. Since / is Ad- 
invariant, V/ is equivariant. Hence V/ | Ma is a parallel normal field of Ma. So the Ferapontov 
flow (1.5) for b = V/(a) becomes 

7t = (V/(7))x, j{x,t)eMa. (2.24) 

Its Lax pair is 7A V/(7)A dt. Since the (6, l)-flow (1.4) is a completely integrable Hamiltonian 
system with respect to the Poisson operator J2 and J3, and (2.24) is the flow corresponding to the 
(6, l)-flow under the development map the curve flow (2.24) is completely integrable with respect 
to the Poisson operators J and A = ^*{Js). Moreover, the flows 

7t = (A^J-i)^((VM7)).), 

with h : U ^ M a polynomial invariant under the Adjoint ?7-action and j > an integer, are 
commuting Hamiltonian flows on Ca(R, Ma). 
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2.16 Example. Let U/K be a compact Hermitian symmetric space. Then there exists a E K, 
such that Ua = K. and ad(a)^ = —Id onV= U^. Moreover, the Adjoint f7-orbit Ma at a in W 
is an isometric embedding of the Hermitian symmetric space U /K. In fact, the induced metric on 
Ma is the standard Kahler metric on U/K, = [7, is the complex structure on U/K. Use 

condition (1.7) and (1.9) and a direct computation to see that the (a, 2)-fiow in the [/"-hierarchy on 

S{RM^) is (1.11): 

ut = [a, Uxx] - 2 [«> [u, [a, u]]]. 
The corresponding curve flow (2.17) on Ma is 

7t = A^J7'(7x). (2.25) 
Claim that this flow is the Schrodinger flow on the Hermitian symmetric space U/K: 

It = M^-r^lx) = [7, V^,7a.]. (2.26) 
To see this, let g be the solution of 

g~^gx = u, lim g{x,t) = e. 

X—f — OO 

Set 7 = gag~^. Then 

7a; = g[u,a]g~^. 
We compute the right hand side of (2.25) as follows: 

^iJ^\lx) = A^{J-\g[u,a]g-^)) = A^{gug-^). 

It follows from (1.13) and (2.5) that 

J^-t{gug~^) = guxg~^- 

But 

"^i.lx = p{g[u, a]g~^)^ = pig[u^, a]g~^ + g[u, [u, a]]g~^), (2.27) 

where p{v) denotes the orthogonal projection of v onto TMa and V is the Levi-Civita connection 
of the induced metric on Ma- But 

{TMa)^ = gU^g-' = gVg-\ v{Ma)-y = gUag-' = glCg-\ 

Since = U /Ua = U / K is a symmetric space, 

[/C,/C]c/C, [}C,P]cV, [P,V]clC. 

So [P, [P,K.]] C /C, which implies that g[u, [u,a]]g~^ is normal to Ma- Hence 

V7,7a: = g[Ux,a]g~^- 

So we have 

hC^i.lx) = ['y,g[ua;,a\g~^] = g[a,[u^,a]]g~'^ = gu^g'^ ■ 

Here we use the fact that — ad(a)^ = — id. Therefore we have proved the claim, i.e., (2.25) is the 
Schrodinger flow (2.26) on Ma- 
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Next we claim that the right hand side of (2.26) is also equal to [7, 7a;a;]- This is done by a 
direct computation: Since 7^; = g[u,a\g~^, 

Ixx = {g[u,a]g~^)x = g{[u,[u,a]] + [ux,a])g~^. 

Hence 

[7, Ixx] = gi[a, [u, [u, a]]] + [a, [«^., a]])g~^. 
Since ad(a)^ = —Id on U^, [a, [ux, a]] = Ux- Jacobi-identity implies that 

[a, [m, [«,a]]] = -[m, [[?x,a],a]] - [[u,a], [a,u]\ = + = 0. 

So [7, 7a;a;] = gUxg~^, and the flow (2.25) becomes 

It = b, V^,7x] = [7, Ixx], l{x, t) e Ma. (2.28) 

Equation (2.26) has a Lax pair 

7A dx + {jX'^ + [7,7x]A dt). 

2.17 Example. Let ?7/i^ be a compact Hermitian symmetric space and let a be as in Example 
2.16. Then we know that the (a, 2)-fiow in the fZ-hierarchy on S{M.,U^) is (l-H) 

ut = [a, Uxx] - ^[u, [u, [a, u]]]. 

We would like to write this equation out explicitly for each irreducible compact symmetric space 
involving classical groups. 

(i) As was pointed out in the introduction, the equation in case of the Grassmannian Gr{k, C"') 
is the MNLS. 

(ii) We consider the Grassmannian Gr(2,M''+2) = SO{n + 2)/SO{2) x SO{n). We have U = 
SO{n + 2). The element a in so{n + 2) has the matrix 




in the upper left corner and elsewhere zeros. Its centralizer Ua is so{2) x so{n) and is the 
set of matrices of the form 

/ xi 
yi 
-xi -yi 



V -Xn -Vn 

where X = (xi, . . . , x^), Y = (yi, . . . , y„) € M"". One can clearly identify with C" by 
mapping the above matrix onto Z = X + lY. Under this identification the complex structure 
ad(a) on corresponds to the usual complex structure on C". The equation (1.11) becomes 
the following system of equations 



Vn 




/ 



(Xt = -Yxx + {X-Y)X-^{3X-X + Y- Y)Y, 
\Yt = Xxx + UX-X + 3Y- Y)X - (X • Y)Y, 



14 



where X -Y is the standard inner product on M". 
(hi) We now consider the Hermitian symmetric space SO{2n)/U{n). We have U = SO{2n). The 
element a is 

1/0 



"'~2\In 

whose centrahzer Ua is u{n). The embedding of U{n) into SO{2n) can be described on the 
level of Lie algebras as follows: Z = A + iB in u{n) where A and B are real matrices {A skew 
and B symmetric) is mapped to 

' A B' 
-B A 

in so{2n). Hence is the set of matrices 

X Y 

Y -X 

where X and Y are both skew. The space 11^ can be identified with A^(C") by associating 
the matrix 

' X Y 

Y -X 

to the form in A^(C") whose matrix with respect to the canonical basis of A^(C") is X + lY . 
Notice that the complex structure ad(a) on and the standard one on A^(C"') correspond 
under this identification. The equation (1.11) now becomes 

{Xt = {-Y),, + [X, [X, Y\\ + 2Y^ + yx2 + x2y, 

\Yt = X^^ + [y, [X, Y]] - 2X3 _ _ Y^x. 

(iv) We finally consider the Hermitian symmetric space Sp{n)/U{n). The group U is therefore 
Sp{n). Recall that the Lie algebra sp{n) consists of matrices of the form 

A -B 
B A 

where A and B are complex n x n matrices, A* = —A and -B* = B. The element a is 

2 V^n 

The stabilizer Ua is u(n). The embedding of U{n) into Sp{n) can be described on the level of 
Lie algebras as follows: Z = A + iB in u{n), where A and B are real matrices {A skew and B 
symmetric) , is mapped to 

'A -B^ 
B A 

in sp{n). Notice that this means that Ua = u{n) consists of the real matrices in sp(n). It is 
therefore clear that Ua consists of the purely imaginary matrices in sp{n). In other words, 
Ua is the set of matrices of the form 



I 



X Y 
Y -X 
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where X and Y are real symmetric matrices. The space lA^ can be identified with the space 
5^(C") of symmetric two-forms on C" by associating the matrix 

X Y 
Y -X 

with the symmetric form whose matrix with respect to the canonical basis is X + iY . Notice 
that the complex structure ad(o) on lA^ and the standard one on S'^(C"') correspond under 
this identification. The equation (1.11) becomes the system 

{Xt = (-y),, - [X, [X, Y]] - 2Y^ - - x^y, 
\Yt = x^^ - [y, [X, y]] + 2x3 + xY^ + y^x, 

where X, y arc real symmetric n x n matrices. 

We recall the following result proved in [Te2] concerning the operator (Remark 4.1 of [Te2]): 

2.18 Proposition. Let v £ <S(M, W^). Suppose there exists a smooth map -D : R — ^ such that 

TTi{v) = V, lim^^_oo w(a;) = 0, and {v)^: + [u,v] € U^. Then Pu{v) = (u)^ + [u,v\. 

Next we prove that the Hamiltonian for the curve flow (1.5) with respect to A is the height 
function. 

2.19 Proposition. Let Ma be the principal Adjoint U-orbit at a in U, b G u{Ma)a, and b the 
parallel normal held on Ma dehned by (1-6). Then the Hamiltonian how for 



/oo 
{l{x),b)dx 
-oo 



with respect to A = ^*(Js) is the Ferapontov how (2.15): 

It = ib{'y))x- 

PROOF. Given x G Ma, let Px and denote the orthogonal projection of V onto T(Ma)x 
and u{Ma)x respectively. Recall that 

l'{Ma)gag-^ = gUaQ'^ T{Ma)gag-i = QU^ 9'^ ■ 

The gradient of at 7 is the vector field along 7 defined as follows: Suppose 

l = gag~^, lim g{x) = e, g'^Qx = u 

X—t — OO 

as before. Then 

VHb{^) =p^{b) = Pgag-^{g{g~^bg)g-'^) = g'Ki{g-Hg)g-^ , 

where tti is the projection onto 11^- We use (2.5) and Proposition 2.18 to compute A(Vi?6(7)) 
next. Let 

V = g~^bg — b. 
Then 7ri{v) = 7ri{g~^bg) and lima;^_oo v{x) = 0. But 

{v)x + [u,v] = {g~^bg-b)x + [u,g-^bg-b] = -[u,b] eU^. 
By Proposition 2.18, we have 

Pu{Mg~%)) = -[u,b]. 

Therefore the Hamiltonian vector field for Hi, with respect to A is 

\^{VH,{j)) = gP^{Mg-%))g~'=g[u,b]g-' = iHl))x. 

This completes the proof. ■ 
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3. Backlund transformations and finite type solutions 



It is well-known that the (6, j)-flow on S{M.,U^) has Backlund transformations, explicit soliton 
solutions, and finite type solutions. So we can use the development map $ and Proposition 2.11 to 
get similar results for the curve flow (2.16) on the Adjoint ?7-orbit Ma- We explain the construction 
for the group SU(n). Other compact groups can be worked out in a similar manner. 

Let 7 be a solution of the curve flow (2.16) on Ma- Given z G C and a complex linear 
subspace V of C", we will construct a new solution 7 of (2.16) associated to 7, z, V. This is done 
using the Backlund transformation of the solution u of the (b, j)-Q.ow corresponding to 7 under the 
development map We give a quick review of the algorithm next. Let u be a solution of the 
(6,j)-flow in the ?7-hierarchy, and E{x,t,X) the trivialization of the Lax pair Ox given by (1.10) 
normalized at the origin, i.e., E is the solution of 



E-^E^ = aX + u, 

E-^Et = b\^ +Qb,i{u)\^- 

E(0,0,A) = e. 



+ 



+ Qb,j{u), 



We call E the frame of the solution u. Let tt be the Hermitian projection of C" onto V, and 
TT"*- = / — TT. Let 



A 



TT 



Then / satisfies the 5'i7(n)-reality condition, i.e., 
(Here X* = X'). Set 

V{x,t) = E{x,t,znV), 

and TT{x,t) the Hermitian projection of C" onto V{x,t). Then (cf. [TUl]) 

(i) u = u + (z — z)[Tr, a] is a solution of the (6, j)-Qow, 

(ii) E{x, t, A) = fz,TT{X)E{x, t, X)fz^n{x,t){^)~^ is the frame for the solution u. 
The transformation n n is a Backlund transformation. 

By Proposition 2.11, there exists a constant c 6 SU{n) such that 

lim E{x, t,0) = c 

x—^—oo 

for all t. Then 

7 = c-^E{x, t, 0)aE{x, t, 0)-^c 

is a new solution of the curve fiow (2.16). For example, if we start with the constant solution 
7(x, t) = a, then the corresponding solution of the (6, j)-flow is the vacuum solution u = 0. Since 
the frame of fi = is E(x, t, A) = e"->^^+b>^^ t ^ ii^q solution u and 7 are explicit given by the above 
formulas, which are 1-soliton solutions. If we apply Backlund transformation repeatedly, we get 
the A'^-soliton solutions of the (6, j)-flow and of the curve flow (2.16) on Ma- 

The algorithm of obtaining finite type solutions of the (6,j)-flow is also well-known: Fix a 
positive integer k, solve 

(a,...,a):M2^W„^xiYx---xW 
for the following two compatible ordinary differential equations: 



i=0 

k 

E 

1=0 



i=0 



(eOtA- 



bX^ + Qb,i{^i)X^-' + ■■■ + Qbji^i), J]CzA- 



i=Q 



(3.1) 
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with ^0 = CL- Equate coefficients of A* of (3.1) to get a system of compatible ODE in the x and t 
variables. So the initial vahic problem for (3.1) has a unique solution. If (^i, . . . is a solution 
of (3.1), then u = is a solution of the (b, j)-Qo\v. Such a solution is called a finite type solution. 
To obtain the corresponding solution of the curve flow (2.16), we first solve : — > [/ for 

k~^dk = u dx + Qbj{u) dt. 

By Proposition 2.11 there exists a constant c such that lim-j:_>_oo k{x,t) = c and 7 = c~^kak~^c 
is the solution of the curve flow (2.16) corresponding to the finite type solution u under the devel- 
opment map 



4. The i7/i^-hierarchy and corresponding curve flows 

Let U he a compact Lie group, a : U ^ U he & group involution, K the fixed point set of a, 
and /C, V the ±1 eigenspaces of dae on U. Then 

U = 1C + V, [/C,/C]C/C, [K,V]^V, [P,V]C)C. 

In particular, Ad(k)(V) C V for all k ^ K. The quotient U/K is a symmetric space, U = /C + 'P is 
a Cartan decomposition oiU/K, and the Ad{K) representation on V is the isotropy representation 
of U/K. As reviewed in section 1, if a 6 V, then 5(M,W^ H /C) is invariant under the odd flows 
in the [/-hierarchy, and if k is odd, then the restriction of Poisson operator to <S(M, /C r\U^) is 
again a Poisson operator and the odd flows in the U/ K-hierarchy are Hamiltonian with respect to 
Jk- 

The curve flow corresponding to the flows in the U /iT-hierarchy can be obtained by restricting 
the curve flow on the Adjoint orbit to a submanifold. To see this, let a G V, Na the Ad(i4r)-orbit 
at a in V, and Af„ the Adjoint [/-orbit in U. Since Na C Ma, Ca(M, iV„) C Ca(R, M„). 

Suppose b 6 nV, j is odd, and n : ^ /CflW^ is a solution of the (6, ji)-flow in the U / K- 
hierarchy. Let 9\ be the Lax pair (1.10) of the (6, j)-flow. Since j is odd and u 6 /C, Qbj{u) € /C. 
Hence 

« da; -I- Qbj (u) dt 

is a /C-valued flat connection 1-form. So k, c of Proposition 2.11 lie in K and 7 = c~^kak~^c lies 
in the submanifold A''^ of M^. Hence wc have 

4.1 Theorem. Let U/K be a symmetric space, U = )C + V a Cartan decomposition, and a G V 
such that the Ad{K)-orbit Na at a in V is a principal orbit. Let Ma be the Ad{U)-orbit at a in 
U. Then 

(i) the development map $ maps Ca(M, Na) isomorphically onto tS(M, )C fl Ua ), 

(ii) ifj is odd, then the curve How (2.16) on C'a(M, Ma) leaves Ca(M, Na) invariant, and the restric- 
tion of (2.16) to Ca(M, Na) corresponds to the (b, j)-flow in the U / K-hierarchy. Moreover, if k 
is odd, the restricted flow on Ca(M, Na) is Hamiltonian with respect to i*{Lk) = i*^* (Jk+2), 
where i : Ca(M, Na) Ca(R, Ma) is the inclusion. 

4.2 Example. Let U = IC + V he a Cartan decomposition of the rank k symmetric space U/K, 
a e P such that Na is a principal iiT-orbit in V, and 6 € Ua- It is known (cf. [Tel]) that there 
exists a polynomial / : 7^ ^ R invariant under the Ad(-fr)-action such that V/(a) = b. Since / is 

-fC-invariant, V/ | A/^ is a parallel normal field. So the curve fiow 7t = {b{'y))x becomes 

It = (V/(7))x (4.1) 

on Na. Since (4.1) corresponds to the (6, l)-fiow in the [//iT-hierarchy under # and the (6,1)- 
flow is completely integrable with respect to J3, (4.1) is completely integrable with respect to the 
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Poisson operator A. By Proposition 2.19, the restriction of Hb to Ca{R, Na) is the Hamiltonian 
of (4.1) with respect to A. The higher order conserved quantities of (4.1) are the restrictions of 
Fb,2k+i o $ to Ca(M, Na). Moreovcr, the construction of Backlund transformations and finite type 

solutions work in a similar way by requiring /(A) and ^(A) = X^^q^*-^"* ™ section 3 to satisfy 
the the extra reahty condition given by the involution a: 

a{f{-X)) = f{X), dae(C(-A))=C(A). 



4.3 Example. Consider the rank one symmetric space 

U/K = SO{n + l)/SO{n) = S". 
The Cartan decomposition is so{n + 1) = so(n) + V, where /C = so{n), and 



V = 

Let Cij be the elementary matrix, and 



-V* 
V 



V € 



a = 621 - ei2. 



The S'0(n)-orbit in 7^ at a under the isotropy representation of is the standard unit sphere 
S'^~^. Below we compute the third flow in the S'"-hierarchy and the corresponding curve flow on 
S^~^. A direct computation shows that /C H and V fl are spanned by 

ka = ea2-e2a, Pa = ^al - Gla-, 3<a<n + l 

respectively. Henceforth in this example, we assume 3<a,/3<n + l. Let u = X^aia^a^a; and 
Qj = Qa,j{u)- We use (1.7) and (1.8) to compute the Qj^s. Note that Qo = a and Qi = u. The 
reality conditions for the S'"'-hierarchy are 



A{\)=A{\), A{\f + A{\) = Q, /-jA(-A)/„,i = A(A), (4.2) 

where In,i = diag(l, . . . , 1, — 1). It is known (cf. [TUl]) that YlJLoQj^ '' satisfies the reality 
conditions (4.2). Hence Qi is in /C for odd i and in V for even i. In particular, Q2 G V. Write 
Q2 = yoa + Z)a=3 VaPa- Then 

[Q2, a] = {Qi)x + [u, Qi] = Ux 

implies that 

To compute yo, we use condition (1.8) to conclude that 

tr(a + uX~^ + (52A"^ + . . .)2 ^ tr(o^) 
as an asymptotic expansion. Compare the coefficients of A~^ in the above equation to get 

tr{aQ2 + Q2a + u^) = 0. 

This implies yo = — ^^'^J^ . Hence 

Q2 = 2 " ~ y^,{Ua)xPa. 
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We know Qs E IC, and 

{Q2)x + [u,Q2] = [Q3,a]. (4.3) 
Let Qs = Y^^j=i Vij^ij- Then (4.3) implies that 

y2a = [Ua)xx H ^ Ua- 

Compare the coefficients of eap for a, /3 > 3 in 

iQ3)x + [U,Q3] = [Q4,a\ 

to get 

{yai3)x = -Ua{up)xx + Up{Ua)xx- 

The right hand side is equal to {{—Ua{uj3)x + Ui3{ua)x)x- By (1.9), Qbj{u) G S{R,U). So 

UaP = -Ua{,Up)x + Ui3{Ua)x- 

Hence 

Q3 = ^ (-iUa)xx - -^^^^ia j + X] V^P^ocP- (4.4) 

Now we compute the third flow 

Ut = {.Q3)x + [u,Q3] (4.5) 
directly. The coefficient of e2a of the left hand side of (4.5) is —{ua)t, and of the right hand side is 

{y2a)x + ^ U2pyi3a - ^ y2l3Ui3a 
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= (^{Ua)xx + ^^^^^ Ua^ " ^ Up{-Ufj{Ua)x + Ua{U(3)x) 



/3 

2 



— yJ-ajxxx H ^ {Ua)x + ^Ui3{Ui3)xUa + \\u\\^{Ua)x - Ua^UpiUis)^. 



P P 

So the third flow is the vector modified KdV equation: 

3 

{Ua)t = -{Ua)xxx " 2 II ^ II ^(^a)a;, (4-6) 

or equivalently 

f 3,, ,,2 

Ut = - [ Uxxx +211^11 " 

where w : ^ 

The Ad(i4r)-orbit at a in P is the standard sphere S'^~^ in V- By Proposition 2.6, the curve 
flow on S'^~ corresponding to the first flow is the translation flow 7^ = ^x- The curve flow on 
S'^~^ corresponding to the third flow in the ^"-hierarchy is 

lt = 9[Q3{u),a\g-\ (4.7) 
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Ut = -{ Uxxx + 211^11 ) ' (vmKdV) 



where 7 = gag ^ and g ^gx = u. Substitute (4.4) into the right hand side of (4.7) to get 

n+l / II It II ^ \ 
7t = - f {Ua)xx H ^ Ua j gPaO'^ ■ (4. 

A direct computation gives 

Ix = ^uagpag~^ , 

a 

ixx = ^{ua)xgpag~^ - \\ufgag~^, 

a 

Ixxx = '^{{Ua)xx - Wa)5Pa5"^ - 3 ^ (^ia)a:5a5~^ • 

a. a 

We can express the right hand side of (4.8) in terms of 7 and its x-derivatives to get 

lt = - ilxxx + 3{-fx,lxx) 7 + ^ II 7a: II ^7a 



5. Weakly non-linear hydrodynamic systems 

Let M be a principal orbit of the isotropy representation of a symmetric space U/ K, and v a 
parahel normal field. Ferapontov noted in [F2] and [F4] that the curve flow (1.5) 

7t = ivil))x = -A„(^)(7^) 

is a weakly non-linear hydrodynamic system on M. In this section, we study this curve flow on 
principal orbits of the isotropy representation of a symmetric space as a hydrodynamic system. 

First wc review some definitions and results on hydrodynamic systems. Given a smooth map 
V = (vij) : M" gl{n, M), the first order quasihnear system for u = (ui, . . . , «„)* : M", 

n 

{Ui)t = ^Vij{u){Uj)x, (5.1) 

is called a hydrodynamic system on M". The system (5.1) is said to be diagonalizable in an open 
subset O of if there exist local coordinates (yi, . . . ,yn) in C such that the system (5.1) is of 
the form 

iyz)t = v^{y){yi)x. 

It is called weakly non-linear or linearly degenerate on O if 

(i) the eigenvalues of {vij (x)) have constant multiplicities mi, . . . , mg (so the corresponding eigen- 
value functions Ai, . . . , are smooth), 

(ii) if ^ is an eigenvector of u = {vij) with eigenvalue Aj, then dXj{^) = 0. 

A hydrodynamic system on a manifold M is a first order quasilinear system for 7 : i?^ — > M 
of the form: 

It = pmix), (5.2) 

where P is a smooth section of L(TM, TM). It is easy to see that this system in local coordinates 
looks like a hydrodynamic system on an open subset of M". System (5.2) is called diagonalizable 
{weakly non-linear respectively) if locally it is diagonalizable (weakly non-linear respectively). 
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Recall that a submanifold M of M""'' is called isoparametric if the normal bundle is flat and the 
principal curvatures along any parallel normal field are constant. By definition of weak non-linearity, 
the flow (1.5) on an isoparametric submanifold is a weakly non-linear hydrodynamic system. Since 
a principal orbit M of the isotropy representations of a symmetric space is isoparametric, (1.5) on 
M is a weakly non-linear hydrodynamic system. 

Let M" be equipped with the standard inner product, and V the Lcvi-Civita connection. Then 
is a Poisson operator on tS(M, M"). Given a smooth function / : M" — ^ M, the Hamiltonian 
equation of the functional 

/oo 
f{u{x))dx 
-oo 

with respect to is 

^t = V„,(V/(n)). (5.3) 
Write (5.3) in the standard coordinates of R"' to get 

i.e., 

n 

iui)t = '^fuiUj{u){uj)x, l<i<n. (5.4) 
i=i 

So (5.4) is a hydrodynamic Hamiltonian system on R". Dubrovin and Novikov investigated the 
systems (5.4) on R", and obtained many remarkable results (cf. [DN]). Novikov conjectured that if 
(5.3) is diagonalizable then it is a completely integrable Hamiltonian system. Tsarev proved this 
conjecture and gave a complete classification of such systems (see [Ts]). Moreover, all constant of 
motions of (5.3) are of zero order. We remark that the boundary conditions of the Poisson operator 
Vu^ are not taken into account in these results. 

Let M be a principal orbit in V of the isotropy representation of the symmetric space U/K. 
We have seen in Example 4.2 that the curve flow (1.5) is of the form 

7t = (V/(7)). (5.5) 

on M for some /^-invariant polynomial / : P — > R. Note that (5.5) on P is a hydrodynamic 

system and is Hamiltonian with respect to V^^. Although Ca(R,M) is invariant under the flow 
(5.5), the restriction of V^^ to Ca(R, M) is not a Poisson structure. However, we have shown 
that (5.5) is a completely integrable Hamiltonian system with respect to the Poisson operator A on 
Ca(M, Ma), its Hamiltonian is of zero order (given by the height function Hh), and it has infinitely 
many higher order conserved quantities. Ferapontov ([F3]) noted that (5.5) is non-diagonalizable 
if U/K is SU{3)/SO{3). Below we use submanifold geometry to prove directly that (5.5) is non- 
diagonalizable on any irreducible isoparametric submanifold. 

First we need to review some isoparametric theory (cf. [Tel]). Let C R"'"'"'^ be an isopara- 
metric submanifold. Then there exist smooth subbundles Ei, . . . ,Ep of TM and parallel normal 
fields vi, . . . ,Vp such that 

(i) TM = (B^Ei, 

(ii) if is a parallel normal vector field on M then the shape operator 

Ay\Ei = {v,Vi)idEi, 

(iii) there exists a parallel normal field v such that 

{v,Vi),{v,V2),...,{v,Vp) 

are distinct; in particular, Ei,. . . ,Ep are eigenspaces of Ay. 

The Ei^s and Vi^s are called curvature distributions and curvature normals of M. An isoparametric 
submanifold M of M"'"'''^ is irreducible if M is not a product of two lower dimensional isoparametric 
submanifolds. It is known that 

(i) if {vi,Vj) = for all i j, then M is a product of spheres, 

(ii) principle orbits of isotropy representations of irreducible symmetric spaces are irreducible 
isoparametric submanifolds. 
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5.1 Proposition. Let X : — > M""*"'^ be a compact, irreducible, isoparametric submanifold 
with k > 2, vi, . . . ,Vp the curvature normals of M, and v a parallel normal field on M such 
that {vi,v), . . . , {vp,v) are distinct. Then the hydrodynamic system 7^ = {v{'y))x on M is not 
diagonalizablc. 

PROOF. Suppose 7^ = {v{'y))x = — A^(-y)(7a;) is diagonalizable. Then there is a local coor- 
dinate system y such that 

n 

I = ^ai{yfdy1, 
1=1 

Av{Xy^) = \iXy^, l<i<n 

for some smooth functions and constants A^. Set = Xyjai. Then ei,...,en is a local 
orthonormal tangent frame on M. Since Ei, . . . , Ep are eigenspaces of A^, we may arrange the 
indices i so that 

ei,...,eii span 
Bii+i, . . . ,6^2 span £'2, 

eip_i+i, . . . ,en span 
Set 

The dual coframe of is Wi = ai dyi. Let e^+i, . . . , Cn+k be a parallel normal frame on M. Write 

n+k 

dci = WjiCj, 1 <i <n + k. 

It follows from elementary local submanifold geometry that we have 

'ii^ap = 0, n + l<a,P<n + k 

Wia = \aWi, l<i<n, n-\-l<a<n + k, 

w,j=^^dy,-^^dyj, l<i^j<n, 

CLj Gi'i 
n-\-k 

dwAB = - ^ WAC A wcB, 1 < A,B < n + k, 
c=i 



and 



n+k 

= ^ AjaCa, where i G /„ 



a=n+l 

The Codazzi equation dwia = Y^^=i "^ij A Wja implies that 



(5.6) 



for all 1 < z 7^ j < n and n + 1 < a < n + k. li ei G Ek, ej G Em and k ^ m, then since vi,. . . ,Vp 
are distinct, there exists a such that Xia 7^ Xja- It follows from equation (5.6) that 

If r 7^ s, i G Ir, and j G Ig, then Wij = 0. (5-7) 
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Next we claim that {vr,Vs) = if r 7^ s. To see this, let i & Ir and j & Is- The Gauss equation 
implies that 

n n+fc 

dWij = - ^ Wim A Wmj + ^ Wia A Wja- 
m=l a=n+l 

By (5.7), the left hand side and the first term of the right hand side of the above equation are zero. 
So 

n+k 

^ Wia A Wja = 0. 

a=n+l 

But 

n+k 

Wia A Wja = ^ AiaAja Wi A w;^ = (■U^, Vg) Wi A 
a=n+l a 

which proves the claim. So M is the product of standard spheres. This contradicts the assumption 
that M is irreducible. Hence 7^ = {v{'y))x is not diagonalizable. ■ 
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